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Abstract
Let S be a smooth rational curve on a complex manifold
M . It is called ample if its normal bundle is positive:
NS =
⊕O(ik), ik > 0. We assume that M is covered by
smooth holomorphic deformations of S. The basic exam-
ple of such a manifold is a twistor space of a hyperka¨hler
or a 4-dimensional anti-selfdual Riemannian manifold X
(not necessarily compact). We prove “a holography prin-
ciple” for such a manifold: any meromorphic function de-
fined in a neighbourhood U of S can be extended to M ,
and any section of a holomorphic line bundle can be ex-
tended from U to M . This is used to define the notion
of a Moishezon twistor space: this is a twistor space
admitting a holomorphic embedding to a Moishezon va-
riety M ′. We show that this property is local on X, and
the variety M ′ is unique up to birational transform. We
prove that the twistor spaces of hyperka¨hler manifolds
obtained by hyperka¨hler reduction of flat quaternionic-
Hermitian spaces by the action of reductive Lie groups
(such as Nakajima’s quiver varieties) are always Moishe-
zon.
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1 Introduction
1.1 Quasilines on complex manifolds
The present paper was written as an attempt to answer the following ques-
tion. Let S ⊂ M be a smooth rational curve in a complex manifold, with
normal bundle NS isomorphic to O(1)n.1 Is there a notion of a normal form
for a tubular neighbourhood of such a curve?
When the normal bundle is O(−1)n instead of O(1)n, a tubular neigh-
bourhood of the curve has a normal form, obtained by blowing down this
curve to a point, and taking a sufficiently small Stein neighbourhood of this
point in the corresponding singular variety. When NS = O(1)n, no such nor-
mal form can be obtained. In fact, the birational type of the manifold can
be reconstructed from a complex analytic (and even formal) neighbourhood
of S. This was known already to Hartshorne ([Har, Theorem 6.7]).
However, one can associate with a quasiline an infinite-dimensional bundle
OˆS(M) over S ∼= CP 1, with
OˆS(M) = lim
←
OM/InSOM ,
1Such rational curves are called quasilines, see e.g. [BBI].
– 2 – version 1.0, Nov. 25, 2012
M. Verbitsky Holography principle for twistor spaces
where IS is an ideal sheaf of S. This bundle is called a formal completion
of M at S.
It is not hard to observe that the space of sections H0(S, OˆS(M)) is finite-
dimensional, and, moreover, H0(S, OˆS(M)⊗OSO(i)) is finite-dimensional for
each i (Proposition 4.1). For a long time, we expected that the algebra AS :=⊕
iH
0(S, OˆS(M) ⊗OS O(i)) would provide a sort of an algebraic “normal
form” of S in M , in such a way that the algebraic structure on OˆS(M) can
be reconstructed from this ring.
In this paper, we show that this approach works when M is a Moishezon
manifold, and M can be reconstructed from the ring AS, up to birational
isomorphism (Subsection 4.3; this is not very surprising due to the above-
mentioned theorem of Hartshorne, [Har, Theorem 6.7]).
For non-Moishezon M , such as a twistor space of a simply connected,
compact hyperka¨hler manifold, this conjecture is spectacularly wrong. In
this case, AS =
⊕
iH
0(CP 1,O(i)), and this ring has no information about
M whatsoever (Proposition 2.13).
1.2 Holography principle
The main technical tool of the present paper is the following theorem, called
the holography principle. Recall that an ample rational curve on a
complex variety M is a smooth curve S ∼= CP 1 ⊂ M such that the normal
bundle NS is decomposed as NS =
⊕
kO(ik), with all ik > 0.
Theorem 1.1: Let S ⊂ M be an ample curve in a simply connected complex
manifold, and U its connected neighbourhood. Suppose that M is covered
by smooth complex-analytic deformations of S. Then
(i) For any holomorphic vector bundle B on M , the restriction map
H0(M,B)−→H0(U,B)
is an isomorphism.
(ii) Let Mer(M), Mer(U) be the fields of meromorphic functions on M and
U . Then the restriction map Mer(M)−→ Mer(U) is an isomorphism.
Proof: For line bundles, Theorem 1.1 (i) is implied by Theorem 3.1. For
general vector bundles, an elegant argument is given by D. Kaledin in the
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appendix to this paper (Section 5). Holography principle for meromorphic
functions is proven in Theorem 3.4.
The holography principle is not very surprising of one looks at the neigh-
bourhood of S from the point of view of complex analysis. The normal
bundle to S is obviously positive. Choose a Hermitian metric h on a neigh-
bourhood of S such that the Chern connection on NS induced by h has
positive curvature. Let dS : M −→ R be the Riemannian distance to S in
this Hermitian metric. Since dS around S is close to the distance in NS,
the form ddcdS has n− 1 positive and 1 negative eigenvalue in a sufficiently
small neighbourhood of S ([D]). This means that S has a neighbourhood U
with a smooth boundary ∂U such that the Levi form on ∂U has one negative
and dimM − 2 positive eigenvalues. Then, a holomorphic function defined
on an open subset of U and continuous on ∂U can be extended outside of a
boundary; at least, this is the expectation one has from the solution of the
Levi problem.
1.3 Moishezon twistor spaces
Definition 1.2: Let M be a compact complex manifold. Define the alge-
braic dimension as a(M) := degtrMer(M), where degtr Mer(M) denotes
the transcendence degree of the field of global meromorphic functions on M .
Definition 1.3: A Moishezon variety is a compact complex variety satis-
fying a(M) = dimM .
The notion of a Moishezon manifold, as it is usually stated, makes no
sense for non-compact varieties. Indeed, degtrMer(M) =∞ even if M is an
open disk.
However, when M contains an ample curve, the situation changes drasti-
cally.
Theorem 1.4: Let M be a complex manifold containing an ample rational
curve. Then a(M) 6 dimM . Moreover, if a(M) = dimM , there exists an
open embedding of M to a Moishezon variety M ′ which satisfies Mer(M ′) =
Mer(M).
Proof: See Theorem 4.8.
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Let nowM be a twistor space ofX . Here, X can be either a hypercomplex
(hyperka¨hler) manifold, a quaternionic, or quaternionic-Ka¨hler manifold, or
Riemannian anti-selfdual manifold. We are not very specific, because the
only thing aboutM which is used is existence of a large number of quasilines.
The twistor spaces are complex manifold covered by quasilines, usually non-
Ka¨hler and non-quasiprojective (see Proposition 2.13 and Theorem 4.31).
SinceM = Tw(X) is covered by quasilines which are by definition ample,
we can apply Theorem 4.6, and obtain that degtrMer(M) 6 dimM . We call
M a Moishezon twistor space if degtrMer(M) = dimM . This is equiva-
lent to an existence of an open embedding M −→M ′ of M to a Moishezon
manifold (Theorem 1.4).
Moishezon twistor spaces for compact 4-dimensional anti-selfdual man-
ifolds were discovered by Y.-S. Poon in [P], and much studied since then.
Structure theorems about such manifolds were obtained by F. Campana,
[C], and partial classification results by N. Honda (see e.g. [Ho]).
The definition given above extends the class of “Moishezon twistor man-
ifolds” significantly. Let, for instance, M := V //G be a hyperka¨hler man-
ifold which can be obtained using the hyperka¨hler reduction, where V is a
flat hyperka¨hler manifold, and G a compact Lie group (such as the Naka-
jima quiver variety). Then the twistor space Tw(M) is always Moishezon
(Theorem 4.29).
Acknowledgements: Many thanks to Hans-Joachim Hein, Claude Le-
Brun, Nobuhiro Honda and Dima Kaledin for interesting discussions on the
subject of this article.
2 Twistor spaces and ample rational curves
2.1 Hyperka¨hler manifolds
Definition 2.1: Let M be a manifold, and I, J,K ∈ End(TM) endomor-
phisms of the tangent bundle satisfying the quaternionic relation
I2 = J2 = K2 = IJK = − IdTM .
The manifold (M, I, J,K) is called hypercomplex if the almost complex
structures I, J , K are integrable. If, in addition, M is equipped with a
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Riemannian metric g which is Ka¨hler with respect to I, J,K, the manifold
(M, I, J,K, g) is called hyperka¨hler.
Consider the Ka¨hler forms ωI , ωJ , ωK on M :
ωI(·, ·) := g(·, I·), ωJ(·, ·) := g(·, J ·), ωK(·, ·) := g(·, K·).
An elementary linear-algebraic calculation implies that the 2-form Ω := ωJ+√−1 ωK is of Hodge type (2, 0) on (M, I). This form is clearly closed and
non-degenerate, hence it is a holomorphic symplectic form.
In algebraic geometry, the word “hyperka¨hler” is essentially synonymous
with “holomorphically symplectic”, due to the following theorem, which is
implied by Yau’s solution of Calabi conjecture.
Theorem 2.2: Let (M, I) be a compact, Ka¨hler, holomorphically symplectic
manifold. Then there exists a unique hyperka¨hler metric on (M, I) with the
same Ka¨hler class.
Proof: See [Y], [Bes].
Remark 2.3: The hyperka¨hler metric is unique, but there could be several
hyperka¨hler structures compatible with a given hyperka¨hler metric on (M, I),
if the holonomy of its Levi-Civita connection is strictly less than Sp(n).
Definition 2.4: LetM be a hypercomplex manifold, and L a quaternion sat-
isfying L2 = −1. Then L = aI+bJ+cK, a2+b2+c2 = 1. The corresponding
complex structure on M is called an induced complex structure. The
space M , considered as a complex manifold, is denoted by (M,L). The set
of induced complex structures is naturally identified with S2, which we often
consider as CP 1 with the standard complex structure.
Definition 2.5: ([V1]) Let X ⊂ M be a closed subset of a hyperka¨hler
manifold M . Then X is called trianalytic if X is a complex analytic subset
of (M,L) for every induced complex structure L.
Trianalytic subvarieties were a subject of a long study. Most importantly,
consider a generic induced complex structure L on M . Then all closed com-
plex subvarieties of (M,L) are trianalytic. Moreover, a trianalytic subva-
riety can be canonically desingularized ([V2]), and this desingularization is
hyperka¨hler.
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Theorem 2.6: ([V1], [V3]) Let (M, I, J,K) be a hyperka¨hler manifold (not
necessarily compact). Then there exists a countable subset R ⊂ CP 1, such
that for any induced complex structure L /∈ R, all compact complex subva-
rieties of (M,L) are trianalytic.
Remark 2.7: For hypercomplex manifolds, Theorem 2.6 is (generally speak-
ing) false, though for manifolds with trivial canonical bundle a weaker form
of this result was obtained ([SV]).
2.2 Twistor spaces
Definition 2.8: Let M be a Riemannian 4-manifold. Consider the action
of the Hodge ∗-operator: ∗ : Λ2M −→ Λ2M . Since ∗2 = 1, the eigenvalues
are ±1, and one has a decomposition Λ2M = Λ+M ⊕ Λ−M onto selfdual
(∗η = η) and anti-selfdual (∗η = −η) forms.
Remark 2.9: If one changes the orientation of M , leaving metric the same,
Λ+M and Λ−M are exchanged. Therefore, their dimensions are equal, and
dimΛ2M = 6 implies dimΛ±(M) = 3.
Remark 2.10: Using the isomorphism Λ2M = so(TM), we interpret η ∈
Λ2mM as an endomorphisms of TmM . Then the unit vectors η ∈ Λ+mM
correspond to oriented, orthogonal complex structures on TmM .
Definition 2.11: Let Tw(M) := SΛ+M be the set of unit vectors in Λ+M .
At each point (m, s) ∈ Tw(M), consider the decomposition Tm,sTw(M) =
TmM ⊕ TsSΛ+mM , induced by the Levi-Civita connection. Let Is be the
complex structure on TmM induced by s, ISΛ+mM the complex structure on
SΛ+mM = S
2 induced by the metric and orientation, and
I : Tm,sTw(M)−→ Tm,s Tw(M)
be equal to Is ⊕ ISΛ+mM . An almost complex manifold (Tw(M), I) is called
the twistor space of M .
Given a hyperka¨hler or hypercomplex manifold (Definition 2.1), one de-
fines its twistor space in a similar manner.
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Definition 2.12: A twistor space Tw(M) of a hypercomplex manifold M
is S2 ×M equipped with a complex structure which is defined as follows.
Consider the complex structure Im : TmM → TmM on M induced by J ∈
S2 ⊂ H. Let IJ denote the complex structure on S2 = CP 1. The operator
ITw = Im ⊕ IJ : TxTw(M) → Tx Tw(M) satisfies I2Tw = − Id. It defines an
almost complex structure on Tw(M).
The almost complex structure on the twistor space of a Riemannian 4-
manifold X is integrable whenever X is anti-selfdual ([AHS]) For a hyper-
complex manifold it is integrable as well ([K]). Twistor spaces are the main
example of the geometries we are working with.
2.3 Geometry of twistor spaces
Proposition 2.13: Let Tw(M) be a twistor space of a compact hyperka¨hler
manifold. Then
(i) Tw(M) is non-Ka¨hler.
(ii) The algebraic dimension of Tw(M) is 1.
Proof of (i): Let ω be the standard Hermitian form of Tw(M). Then
ddcω is a positive (2,2)-form ([KV, (8.2)]). For any Ka¨hler form ω0 on
Tw(M), this would imply∫
Tw(M)
d
(
ωdimCM−10 ∧ dcω
)
=
∫
Tw(M)
ωdimCM−10 ∧ ddcω > 0,
which is impossible by Stokes’ theorem.
Proof of (ii): See Theorem 4.11.
2.4 Quasilines and ample curves in the twistor spaces
Definition 2.14: An ample rational curve on a complex manifold M
is a smooth curve S ∼= CP 1 ⊂ M such that its normal bundle NS satisfies
NS =
⊕n−1
k=1 O(ik), with all ik > 0 (see [Ko]). It is called a quasiline if all
ik = 1.
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Claim 2.15: Let M be a twistor space of a hyperka¨hler or 4-dimensional
ASD manifold, m ∈ M a point, and Sm the corresponding S2 in Tw(M) =
CP 1 ×M . Then Sm is a quasiline.
Proof: Since the claim is essentially infinitesimal, it suffices to check it
when M is flat. Then Tw(M) = Tot(O(1)⊕2n) ∼= CP 2n+1\CP 2n−1, and Sm
is a section of O(1)⊕2n.
Existence of quasilines in twistor spaces is a very strong condition, and
can be used to obtain all kinds of geometric information; for example, see
[C] and [V4].
3 Holography principle for manifolds
with ample rational curves
3.1 Holography principle for line bundles
Throughout this paper, all neighbourhoods and manifolds are silently as-
sumed to be connected. One of the main results of the present paper is the
following theorem.
Theorem 3.1: (holography principle for line bundles) Let S ⊂ M be an
ample rational curve in a simply connected complex manifold, which is cov-
ered by smooth, ample deformations of S, and L a holomorphic line bundle
on M . Consider an open neighbourhood U ⊃ S. Then the restriction map
H0(M,L)−→H0(U, L) is an isomorphism.
We deduce Theorem 3.1 from the following local result (Proposition 3.3).
Remark 3.2: Since S is an ample curve, S can be deformed in any normal
direction. Therefore, there exists an open neighbourhood U ⊃ S which is
contained in a union of the set S of all smooth, ample deformations of S
intersecting S. Further on, we choose this neighbourhood in such a manner
that any S1 ∈ S can be connected to S by a continuous family of deforma-
tions intersecting S.
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Proposition 3.3: Let S ⊂M be an ample rational curve in a connected com-
plex manifold, which is covered by deformations of S, and L a holomorphic
line bundle on M . Consider a neighbourhood U ⊃ S which is is contained
in a union of the set of all deformations of S intersecting S (Remark 3.2).
Then for any smaller open neighbourhood V ⊂ U of S, the restriction map
H0(U, L)−→H0(V, L) is an isomorphism.
Proof of an implication “Proposition 3.3 ⇒ Theorem 3.1”.
Step 1: Choose a continuous, connected family Sb of ample curves
parametrized by B such that
⋃
b∈B Sb = M , and choose a tubular neigh-
bourhood Ub for each Sb, continuously depending on b. Then the inter-
section Ub ∩ Ub′ for sufficiently close b, b′ always contains Sb and Sb′. By
Proposition 3.3, Ub can be chosen in such a way that H
0(Ub ∩ Ub′ , L) =
H0(Ub, L) = H
0(Ub′ , L).
Step 2: Since B is connected, all the spaces H0(Ub, L) are isomorphic,
and these isomorphisms are compatible with the restrictions to the inter-
sections Ub ∩ Ub′ . Let now f ∈ H0(Ub, L), and let M˜f be the domain of
holomorphy for f , that is, a maximal domain (non-ramified over M) such
that f admits a holomorphic extension to M˜f . Since ∪Ub = M , and f can
be holomorphically extended to any Ub, the domain M˜f is a covering of M .
Now, Theorem 3.1 follows, because M is simply connected.
3.2 The local holography principle
To prove Theorem 3.1 it remains to prove Proposition 3.3. If degL
∣∣
S
< 0, the
statement of Proposition 3.3 is vacuous. Therefore, we may always assume
that degL
∣∣
S
> 0, hence l
∣∣
S
is generated by global sections. Let S(M) be the
space of deformations of the ample curve S which remain smooth, and SS(M)
the space of pairs {(x, S1) : S1 ∈ S(M), x ∈ S1}. Consider the natural
forgetful maps τ1 : SS(M)−→M , τ2 : SS(M)−→ S(M), and let E be the
bundle τ2∗τ
∗
1L on S(M). Denote by degS L the degree of the restriction of L
to S. Since dimH0(S1, L) = degL+1, E is a (degL+1)-dimensional vector
bundle. Given a section f of L on M , denote the corresponding section of E
by f˜ := τ2∗τ
∗
1 f . When degS L = d, the value of f˜ at S1 is uniquely determined
by the restriction of f to any d + 1 distinct points of S1. Indeed, E
∣∣∣
S1
is
d+ 1-dimensional, and any section h ∈ H0(S1, L) is uniquely determined by
– 10 – version 1.0, Nov. 25, 2012
M. Verbitsky Holography principle for twistor spaces
its values in d+ 1 points. This gives a map
L
∣∣∣
z1
× L
∣∣∣
z2
× ...× L
∣∣∣
zd+1
−˜→H0(S1, L). (3.1)
Now, let f be a section of L on V . For any S1 ∈ S(M) intersecting V ,
we choose d1 distinct points z1, ..., zd+1 ∈ S1 ∩ V , and consider the section
ϕ
(
f
∣∣∣
z1
, f
∣∣∣
z2
, ..., f
∣∣∣
zd+1
)
∈ H0(S1, L) defined using (3.1). When S1 ⊂ V ,
this section is independent from the choice of z1, ..., zd+1 ∈ S1. Let RV
be a connected component of the set of all S1 ∈ S(M) intersecting V and
containing S. Since the map
(z1, ..., zd+1)−→ ϕ
(
f
∣∣∣
z1
, f
∣∣∣
z2
, ..., f
∣∣∣
zd+1
)
is holomorphic and independent from the choice of z1, ..., zd+1 on an open
subset of RV , it is independent of z1, ..., zd+1 everywhere on RV . This gives
a section f˜ ∈ H0(RV , E) extending the section f˜ := τ2∗τ ∗1 f ∈ H0(S(V ), E).
By construction, U is contained in a connected part U1 of the union of
all deformations of S intersecting V . To extend f from V to U , we use f˜ to
obtain an extension of f to U1, as follows.
Any section g ∈ H0(RV , E) gives a function ψg mapping a pair (x, S1),
x ∈ S1 ∈ RV to g(S1)
∣∣
x
∈ L∣∣
x
. For the section f˜ constructed above, ψf˜ (x, S1)
is independent from the choice of S1 whenever S1 lies in V . The same analytic
continuation argument as above implies that ψf˜(x, S1) is independent of S1
everywhere. For any x ∈ U1, the set f ∈ L
∣∣
x
equal to ψf˜ (x, S1), where
S1 ∈ RV is an arbitrary curve passing through x. This gives an extension of
f to U1. Proposition 3.3 is proven. We finished the proof of Theorem 3.1.
3.3 Holography principle for meromorphic functions
The following theorem is proven in the same way as Theorem 3.1. Given a
complex variety M , we denote the field of meromorphic functions on M by
Mer(M).
Theorem 3.4: Let S ⊂ M be an ample curve in a simply connected complex
manifold, and U ⊃ S a connected neighbourhood of S. Suppose that M is
covered by the union of all smooth, ample deformations of S. Then the
restriction map Mer(M)−→ Mer(U) is an isomorphism.
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Proof: The same argument as used to deduce Theorem 3.1 from Proposition 3.3
can be used to reduce Theorem 3.4 to the following statement.
Proposition 3.5: Let S ⊂ M be an ample rational curve in a connected
complex manifold, which is covered by smooth, ample deformations of S.
Consider a neighbourhood U ⊃ S which is contained in a union S of all
deformations of S intersecting S (Remark 3.2). Then for any smaller open
neighbourhood V ⊂ U of S, the restriction map Mer(U)−→ Mer(V ) is an
isomorphism.
Proof: Define the degree degS(f) of a meromorphic function f ∈
Mer(V ) as the degree of the pole divisor of f
∣∣∣
S1
for any deformation S1
of S transversal to the pole divisor of f . Denote by Merd(V ) the space mero-
morphic functions of degree 6 d. To prove Proposition 3.5 it would suffice
to show that the restriction map Merd(U)−→ Merd(V ) is an isomorphism,
for all d.
For each rational curve S1, a degree 6 dmeromorphic function is uniquely
determined by its values in any d + 1 distinct points on S1. Given a mero-
morphic function f ∈ Merd(V ), and a deformation S1 of S intersecting V , we
can extend f
∣∣∣
S1∩V
to a degree d meromorphic function f1 on S1 by computing
its values at d + 1 distinct points z1, ..., zd+1 of S1 ∩ V . Whenever S1 is in
V , this procedure gives f
∣∣∣
S1
. By analytic continuation, the values of f1(z)
at any z ∈ S1 are independent from the choice of zi and S1.
We have shown that f1 is a well-defined meromorphic function on the
union U1 of all deformations of S intersecting V . By construction, on V we
have f1 = f . Since U1 contains U , this implies that f can be extended from
V to U .
4 Moishezon twistor spaces
4.1 Vector bundles in a neighbourhood of an ample
curve
Proposition 4.1: Let S ⊂M be an ample rational curve, U ⊃ S its neigh-
bourhood, and B a holomorphic bundle on U . Then H0(U,B) is finite-
dimensional.
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Proof. Step 1: Let IS ⊂ OU be the ideal sheaf of S, and JrS(B) :=
B/Ir+1S B the sheaf of r-jets of the sections of B. Since I
r
S/I
r+1
S = Sym
r(N∗S),
the bundle IrS/I
r+1
S is a direct sum of O(ki) with ki < −r. Therefore,
H0(IrSB/I
r+1
S B) = 0 for r sufficiently big.
Step 2: The sheaf IrSB admits a filtration I
r
SB ⊃ Ir+1S B ⊃ Ir+2S B ⊃ ...
with associated graded sheaves IrSB/I
r+1
S B having no sections for r ≫ 0.
Therefore, H0(IrSB) = 0 for sufficiently byg r.
Step 3: If H0(U,B) is infinite-dimensional, the map
H0(U,B)−→H0(B/IrS(B))
cannot be injective. Then, for each r, there exists a non-zero section with
vanishing r-jet: fr ∈ H0(U, Ir+1S B). This is impossible, as shown in Step 2.
This proof is effective, and gives the following bound on the dimension of
the space of sections of B.
Corollary 4.2: Let S ⊂ M be an ample rational curve, U ⊃ S its neigh-
bourhood, and B a holomorphic bundle on U . Then
dimH0(U,B) 6 dimH0
(
S,
⊕
d
Symd(N∗S)⊗OS B
∣∣
S
)
.
The same argument can be applied to degree d meromorphic functions.
Recall that the degree degS(f) of a meromorphic function f ∈ Mer(V ) is
the degree of the pole divisor of f
∣∣∣
S1
for any deformation of S transversal
to the pole divisor of f . We denote the space of meromorphic functions of
degree 6 d on U by Merd(U).
Corollary 4.3: Let S ⊂ M be an ample rational curve, and U ⊃ S its
neighbourhood. Then
dimMerd(U) 6 dimH
0
(
S, Sym6d(N∗S)⊗OS O(d)
)
. (4.1)
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4.2 Algebraic dimension of the field of meromorphic
functions
The conormal bundle N∗S is negative; clearly, the dimension (4.1) is maximal
when S is a quasiline, and N∗S = ⊕O(1). In this case, the bound (4.1) is
realized for a rational line in CP n. Indeed, for a rational line S in CP n,
the sheaf of algebraic functions in a neighbourhood of S is isomorphic to of⊕
i Sym
i(N∗S). This implies the following simple numerical result.
Claim 4.4: Let S ⊂ M be an ample rational curve, and U ⊃ S its neigh-
bourhood. Then
dimMerd(U) 6 dimH
0(CP n,O(d)). (4.2)
where n = dimM .
Corollary 4.5: Let M be a complex variety containing an ample rational
curve. Then the transcendence degree of Mer(M) satisfies degtrMer(M) 6
dimM .
Proof: Consider the graded ring
⊕
dMerd(M). Since dimMerd(U) 6
dimH0(CP n,O(d)), the Krull dimension of this ring is 6 n. Therefore, the
transcendence degree of its ring of fractions is also bounded by n.
This observation is not new: it was known already to Hartshorne (in
the context of formal neighbourhoods). Applied to complex analytic spaces,
Hartshorne’s theorem can be stated as follows.
Theorem 4.6: Let S ⊂ M be a connected, positive-dimensional, smooth
subvariety in a complex manifold. Assume that the normal bundle of S is
ample. Then the transcendence degree of the field Mer(M) of meromorphic
functions is no bigger than the dimension of M :
degtrMer(M) 6 dim(M).
Moreover, if equality is reached, Mer(M) is a finitely generated extension of
C.
Proof: [Har, Theorem 6.7]; see also [KST].
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4.3 Moishezon manifolds and ample rational curves
Hartshorne’s methods are already sufficient to prove the following general
result.
Proposition 4.7: Let S ⊂ M be an ample rational curve in a simply con-
nected complex manifold. Assume that degtrMer(M) = dim(M). Then there
exists a meromorphic map ϕ : M −→ Z0 to an open subset of a projective
variety M , which is bijective onto its image outside of a complex analytic
subset of positive codimension.
Proof: By Hartshorne’s theorem (Theorem 4.6), Mer(M) is a finitely
generated extension of C. Let ξ1, ..., ξN be generators of Mer(M), Di their
pole divisors, and Li := O(Di) the corresponding line bundles. Then ξi can
be considered as sections of Li, and ξ1, ..., ξN – as sections of L :=
⊗
i Li.
Consider now the subring of
⊕
dH
0(M,Ld) generated by ξi, and let Z be its
spectre. Clearly, dimM = dimZ, Z is projective, and the natural rational
map M
ϕ−→ Z induces an isomorphism Mer(Z) −˜→ Mer(M).
Let M˜ be a resolution of the base set of ϕ, such that M˜
ϕ˜−→ Z is
holomorphic. If ϕ˜ is ramified at some divisor D in ϕ(M˜), this divisor can
be extended to Z using Theorem 3.4 applied to U = ϕ(M˜) ⊂ Z. Taking the
corresponding ramified covering Z˜ of Z, we obtain a holomorphic map from
M˜ to Z˜, which is impossible, because Mer(Z˜) is strictly bigger than Mer(Z),
and Mer(M˜) = Mer(Z). Therefore, ϕ˜ is bijective to its impage at its general
point. Openness of its image is a general property of bimeromorphic maps.
Theorem 4.8: Let S ⊂ M be an ample rational curve in a simply connected
complex manifold. Assume that degtrMer(M) = dim(M). Then there exists
an open embedding of M to a Moishezon variety.
Proof: From Proposition 4.7 we obtain a line bundle L on M inducing a
bimeromorphic map ϕ : M −→ Z0 to an open subset of a projective variety
Z. Resolving the base points of the inverse map if necessary, we may assume
that the inverse map ψ : Z0 −→M is holomorphic. Then, M is obtained
from Z0 by blowing down a certain number of exceptional subvarieties Ei,
obtained as common zero sets of a certain number of meromorphic functions.
Applying Theorem 3.4 to Z0 ⊂ Z, we extend the meromorphic functions and
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the corresponding subvarieties Ei and obtain closed exceptional subvarieties
E ′i ⊂ Z. Blowing these down, we obtain a Moishezon variety which contains
M as an open subset.
4.4 Moishezon twistor spaces
Definition 4.9: Let M = Tw(X) be a twistor space of a simply connected
hyperka¨hler, hypercomplex, quaternionic or or 4-dimensional anti-selfdual
manifold, not necessarily compact. We say thatM is a Moishezon twistor
space if degtrMer(M) = dim(M) (see Corollary 4.5).
From Theorem 4.8, we immediately obtain the following corollary.
Corollary 4.10: Let M be a Moishezon twistor space. Then M admits an
open embedding to a Moishezon variety M1. Moreover, M1 is unique up to
a bimeromorphic equivalence.
Proof: The open embedding to a Moishezon variety follows from Theorem 4.8,
and its uniqueness is implied by an isomorphism Mer(M) = Mer(M1) (Theorem 3.4).
It is easy to construct an example of a twistor manifold which does not
belong to this class. The twistor space of a K3 surface, and, more generally,
any compact hyperka¨hler manifold is never Moishezon.
Theorem 4.11: Let M be a compact hyperka¨hler manifold, and Tw(M) its
twistor space. Then degtrMer(Tw(M)) = 1.
Proof: Let Z ⊂ Tw(M) be any divisor, and R ⊂ CP 1 a countable subset
constructed in Theorem 2.6. For any induced complex structure L /∈ R, all
complex subvarieties of (M,L) are even-dimensional. Therefore, Z intersects
the twistor fiber (M,L) = pi−1(L) ⊂ Tw(M) non-transversally, or not at
all. By Thom’s transversality theorem, the intersection Z with all fibers of
pi except a finite number is transversal. This means that Z can intersect
only finitely many of the fibers of pi. However, all these fibers are irreducible
divisors. Therefore, D is a union of several fibers of pi. Since a meromorphic
function is uniquely determined by its pole or zero divisor, all meromorphic
functions on Tw(M) are pull-backs of meromorphic functions on CP 1.
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Remark 4.12: When M is hypercomplex, no effective bounds on the tran-
scendence degree degtrMer(Tw(M)) are known. We conjecture (based on
empirical evidence) that the twistor space of a compact hypercomplex man-
ifold is not Moishezon, but this conjecture seems to be difficult.
4.5 Twistor spaces and hyperka¨hler reduction
We recall the definition of hyperka¨hler reduction, following [HKLR] and
[Nak]. This material is fairly standard.
We denote the Lie derivative along a vector field as Liex : Λ
iM −→ ΛiM ,
and contraction with a vector field by ix : Λ
iM −→ Λi−1M . Recall the
Cartan’s formula:
d ◦ ix + ix ◦ d = Liex
Let (M,ω) be a symplectic manifold, G a Lie group acting on M by
symplectomorphisms, and g its Lie algebra. For any g ∈ g, denote by ρg
the corresponding vector field. Cartan’s formula gives Lieρg ω = 0, hence
d(iρg(ω)) = 0. We obtain that iρg(ω) is closed, for any g ∈ g.
Definition 4.13: A Hamiltonian of g ∈ g is a function h on M such that
dh = iρg(ω).
Definition 4.14: (M,ω) be a symplectic manifold, G a Lie group acting on
M by symplectomorphisms. A moment map µ of this action is a linear map
g−→ C∞M associating to each g ∈ g its Hamiltonian.
Remark 4.15: It is more convenient to consider µ as an element of g∗ ⊗R
C∞M , or, as it is usually done, a function on M with values in g∗.
Remark 4.16: Note that the moment map always exists, if M is simply
connected.
Definition 4.17: A moment map M −→ g∗ is called equivariant if it is
equivariant with respect to the coadjoint action of G on g∗.
Remark 4.18: M
µ−→ g∗ is a moment map if and only if for all g ∈ g,
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〈dµ, g〉 = iρg(ω). Therefore, a moment map is defined up to a constant g∗-
valued function. An equivariant moment map is is defined up to a constant
g∗-valued function which is G-invariant.
Definition 4.19: A G-invariant c ∈ g∗ is called central.
Claim 4.20: An equivariant moment map exists whenever H1(G, g∗) = 0.
In particular, if G is reductive and M is simply connected, an equivariant
moment map is always possible to define.
Definition 4.21: Let (M,ω) be a symplectic manifold, G a compact Lie
group acting on M by symplectomorphisms, M
µ−→ g∗ an equivariant mo-
ment map, and c ∈ g∗ a central element. The quotient µ−1(c)/G is called
the symplectic reduction of M , denoted by M/G.
Claim 4.22: The symplectic quotient M/G is a symplectic manifold of
dimension dimM − 2 dimG.
Theorem 4.23: Let (M, I, ω) be a Ka¨hler manifold, GC a complex reductive
Lie group acting on M by holomorphic automorphisms, and G is a compact
form of GC acting isometrically. Then M/G is a Ka¨hler orbifold.
Remark 4.24: In such a situation, M/G is called the Ka¨hler quotient,
or GIT quotient.
Remark 4.25: The points ofM/G are in bijective correspondence with the
orbits of GC which intersect µ
−1(c). Such orbits are called polystable, and
the intersection of a GC-orbit with µ
−1(c) is a G-orbit.
Definition 4.26: LetG be a compact Lie group, ρ its action on a hyperka¨hler
manifoldM by hyperka¨hler isometries, and g∗ a dual space to its Lie algebra.
A hyperka¨hler moment map is a G-equivariant smooth map µ : M →
g∗ ⊗ R3 such that 〈µi(v), g〉 = ωi(v, dρ(g)), for every v ∈ TM , g ∈ g and
i = 1, 2, 3, where ωi are three Ka¨hler forms associated with the hyperka¨hler
structure.
Definition 4.27: Let ξ1, ξ2, ξ3 be three G-invariant vectors in g
∗. The quo-
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tient manifold M//G := µ−1(ξ1, ξ2, ξ3)/G is called the hyperka¨hler quo-
tient of M .
Theorem 4.28: ([HKLR]) The quotient M//G is hyperkaehler.
Proof: We sketch the proof of Hitchin-Karlhede-Lindstro¨m-Rocˇek theo-
rem, because we make use of it further on.
Let Ω := ωJ +
√−1 ωK . This is a holomorphic symplectic (2,0)-form
on (M, I). Let µJ , µK be the moment map associated with ωJ , ωK, and
µC := µJ+
√−1µK . Then 〈dµC, g〉 = iρg(Ω) Therefore, dµC ∈ Λ1,0(M, I)⊗g∗.
This implies that the map µC is holomorphic. It is called a holomorphic
moment map.
By definition, M//G = µ−1
C
(c)/G, where c ∈ g∗ ⊗R C is a central ele-
ment. This is a Ka¨hler manifold, because it is a Ka¨hler quotient of a Ka¨hler
manifold.
We obtain 3 complex structures I, J,K on the hyperka¨hler quotientM//G.
They are compatible in the usual way, as seen from a simple local computa-
tion.
Theorem 4.29: Let V be a quaterionic Hermitian vector space, and G ⊂
Sp(V ) a compact Lie group acting on V by quaternionic isometries. Denote
by M the hyperka¨hler reduction of V . Then Tw(M) is a Moishezon twistor
space, in the sense of Definition 4.9.
Proof: The holomorphic symplectic form on (V, I) depends on I holo-
morphically, giving a section
Ωtw ∈ Ω2pi(Tw(V ))⊗OTw(V ) pi∗O(2).
Here, pi : Tw(V )−→ CP 1 is the twistor projection, and Ω2pi(Tw(V )) the
sheaf of fiberwise holomorphic 2-forms. Consider the fiberwise holomor-
phic moment map given by this form, µtw : Tw(V )−→ Tot(g∗ ⊗C O(2)).
Replacing the moment map by its translate, we can always assume that
M//G = µ−1
C
(0)/G (that is, we assume that the central vector c used to
define M//G vanishes). Then Tw(M) is obtained as the space of polystable
GC-orbits in µ
−1
tw (0) ⊂ Tw(V ). Here, “polystability” of an orbit is under-
stood as the non-emptiness of the intersection of this orbit with µ−1(0); the
set of such orbits is open.
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The space Tw(V ) = CP 2n+1\CP 2n−1 is quasiprojective. Averaging the
ring of rational functions with G, we obtain that the field GC-invariant ratio-
nal functions on Tw(V ) has dimension dimµ−1tw (0)− dimGC = dimTw(M),
and hence Tw(M) is Moishezon.
Corollary 4.30: Let U be an open subset of a compact, simply connected
hyperka¨hler manifold, and U ′ an open subset of a hyperka¨hler manifold ob-
tained as V //G, where V is flat and G reductive. Then U is not isomorphic
to U ′ as hyperka¨hler manifold.
Proof: dimtr Tw(U
′) = dimTw(U ′) by Theorem 4.29, and dimtr Tw(U) =
1 by Theorem 4.11.
A twistor space of a manifold obtained by hyperka¨hler reduction is Moishe-
zon, and from the above argument it is easy to see that it is Zariski open in
a compact Moishezon variety. However, it is (almost) never quasiprojective.
Theorem 4.31: Let M be a hyperka¨hler manifold such that its twistor
space Tw(M) can be embedded to a projective manifold. Then, for each
induced complex structure L, the complex manifold (M,L) has no compact
subvarieties of positive dimension.
Proof: Consider the anticomplex involution ι on Tw(M) mapping (m,L)
to (m,−L). Suppose that (M,L) ⊂ Tw(M) has a compact subvariety. Since
the (M,L) is quasiprojective, this would imply that (M,L) contains a com-
pact curve S. The curve ι(S) is also holomorphic in (M,−L).
Consider a Ka¨hler form ω on Tw(M). Since ι is antiholomorphic, −ι(ω)
is a closed, positive (1, 1)-form. Replacing ω by ω − ι(ω), we may assume
that ω satisfies ι(ω) = −ω.
Now, since the cohomology classes of S and ι(S) are equal, we have∫
S
ω =
∫
ι(S)
ω = −
∫
ι(S)
ι(ω)
On the other hand,
∫
S
ω =
∫
ι(S)
ι(ω) by functorial properties of integral. This
implies
∫
S
ω = 0, giving a contradiction.
Remark 4.32: As shown in [V3], a general fiber of the map Tw(M)−→ CP 1
has only even-dimensional complex subvarieties.
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5 Appendix: Formal geometry and hologra-
phy principle (by Dmitry Kaledin)
In this Appendix, we will try to explain the constructions of the paper in a
slightly more general context ofD-modules and “formal geometry” of Gelfand
and Kazhdan [GK]. To save space, we only sketch the proofs, and we work
in the algebraic setting (generalization to complex-analytic varieties is im-
mediate, exactly the same arguments work).
Assume given a smooth algebraic variety X over a field k of characteristic
0. We will work with coherent D-modules over X , that is, with sheaves of left
modules over the algebra DX of differential operators on X which are finitely
generated over D. Any coherent D-module E is also a quasicoherent sheaf of
OX-modules; recall that if E is coherent over OX , then it comes from a vector
bundle on X equipped with a flat connection. In particular, the structure
sheaf OX is a D-module; it corresponds to the trivial line bundle. For any
coherent sheaf E on X , we can consider the induced D-module DX⊗OX E ; this
is coherent over DX but not over OX . Coherent D-modules form an abelian
category, and we can consider its derived category.
Assume given an open subvariety U ⊂ X with the embedding map j :
U → X , and let Z = X \ U ⊂ X be the complement U . Then the complex
of quascoherent sheaves R
q
j∗OU on X has a natural structure of a complex
of D-modules, and we have an exact triangle
δZ −−−→ OX −−−→ R qj∗OX −−−→ (5.1)
of complexes of D-modules on X , where δZ is supported at Z. We will need
the following standard result.
Lemma 5.1: In the notation above, for any coherent sheaf E on X , we have
a natural identification
HomOX (δZ , E) ∼= Γ(X, E ⊗ ÔX,Z),
where ÔX,Z is the formal completion of structure sheaf OX at the closed
subscheme Z ⊂ X .
Sketch of a proof. Since δZ is supported at Z, the natural map
HomOX (δZ , E)→ HomOX (δZ , E ⊗ ÔX,Z)
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is an isomorphism. On the other hand, we obviously have
HomOX (R
q
j∗OU , E ⊗ ÔX,Z) = 0,
and the claim then immediately follows from the long exact sequence associ-
ated to the exact triangle (5.1). 
For any map f : X → Y of smooth algebraic varieties, the pullback
functor f ∗ extends to a functor between D-modules, and its derived functor
extends to a functor between the derived categories of D-modules; we will
denote this last functor by f ?. We have
f ? = f ∗[dimX − dimY ],
where f ∗ is the standard pullback functor for D-modules, and [−] stands
for cohomological shift. If f is a smooth map, or a closed embedding, or a
composition of the two, then f ? has a left-adjoint functor f? given by
f? = f![dimY − dimX ],
where f! is the standard functor of direct image with compact supports. Then
Lemma 5.1 has the following corollary.
Lemma 5.2: Assume given a map f : Y → X of smooth algebraic varieties,
and assume that f factors as
Y
pi−−−→ Z ι−−−→ X,
where Z is smooth, ι is a closed embedding, and pi is a smooth map with
contractible fibers. Then for any vector bundle E on X , we have a natural
identification
HomDY (f
?(DX ⊗OX E∗),OY ) ∼= Γ(X, E ⊗ ÔX,Z), (5.2)
where E∗ is the dual vector bundle, and DX ⊗OX E∗ is the corresponding
induced D-module.
Proof. For any D-module F and OX-module E , we have
HomDX (DX ⊗OX E ,F) ∼= HomOX (E , F ),
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so that Lemma 5.1 provides an identification
HomDX(DX ⊗OX E∗ ⊗OX δZ ,OX) ∼= Γ(X, E ⊗ ÔX,Z),
and by adjunction, it suffices to construct an isomorphism
f?f
?(DX ⊗OX E∗) ∼= DX ⊗OX E∗ ⊗OX δZ .
But under our assumptions on f , we have f?OX ∼= δZ , and we are done by
the projection formula. 
We note that the left-hand side of (5.2) admits a slightly different inter-
pretation. Recall that for any coherent sheaf E on X , the jet bundle J∞E of
E is a (pro)coherent sheaf on X given by
J∞E = pi2∗pi∗1E ,
where pi1, pi2 : X̂ → X are the two natural projections of the completion X̂
of the product X×X near the diagonal X ⊂ X×X . In terms of D-modules,
we have
J∞E ∼= HomOX (DX , E).
The jet bundle J∞E carries a canonical flat connection, and in the assump-
tions of Lemma 5.2, we have
HomDY (f
?(DX ⊗OX E∗),OY ) ∼= HomDY (OY ,HomOY (f ?(DX ⊗OX E∗),OY ))
∼= HomDY (OY , f ?(HomOX (DX ⊗OX E∗,OX)))
∼= Γ∇(Y, f ∗J∞E),
where Γ∇(−) stands for the space of flat global sections. Then (5.2) reads as
Γ∇(Y, f ∗J∞E) ∼= Γ(X, E ⊗ ÔX,Z). (5.3)
Remark 5.3: The assumptions of Lemma 5.2 are in fact too strong. Firstly,
it is clearly enough to require that the fibers of pi are non-empty and con-
nected, so that their top degree cohomology with compact supports is one-
dimensional – and under the assumptions as stated, we not only obtain an
isomorphism of Hom’s but also of the RHom’s, so that (5.3) extends to an
isomorphism
H
q
DR(Y, f
∗J∞E) ∼= H q(X, E ⊗ ÔX,Z)
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of cohomology groups. Secondly, one probably does not have to require that pi
and Z are smooth – some assumptions are needed, but they can considerably
relaxed. However, since even the stronger assumptions work for us, we did
not pursue this.
Assume now that we are given smooth proper algebraic varieties Y , X ,
and a family of closed embedding from Y to X parametrized by a smooth
algebraic variety T – that is, we have a map
f : Y × T → X
such that for any t ∈ T , the corresponding map ft : Y = Y × t → X is a
closed embedding. Moreover, assume given a coherent sheaf E on X , denote
by ρ : Y × T → T the projection, and denote
ΦfE = ρ∇∗ f ∗J∞E ,
where f ∗J∞E is the pullback of the jet bundle J∞E equipped with its natural
flat connection ∇, and ρ∇∗ stands for sheaf of relative flat sections. Then ΦaE
is a sheaf on T , the base of the family, and by (5.3), the fiber (ΦfE)t at a
point t ∈ T is given by
(ΦfE)t = Γ∇(Y, f ∗t J∞E) ∼= Γ(X, E ⊗ ÔX,Yt),
where Yt ⊂ X is the image of the closed embedding ft : Y → X . On the
other hand, ΦfE carries a natural flat connection, and if we assume that f
is smooth with contractible fibers, we have
Γ∇(T,ΦfE) = Γ∇(T × Y, f ∗J∞E) ∼= Γ(X, E),
again by (5.3).
We now note that this is exactly the situation that we have in the paper.
Namely, we take X to be the twistor space of a hyperka¨hler manifold M ,
we take T = MC to be the complexification of the real-analytic manifold
underlying M , we take Y = CP 1, and we let
f : T × Y → X
be the standard family of twistor lines (real points in this family correspond
to horizontal sections of the twistor fibration X → CP 1 parametrized by
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points of M). Then since the normal bundle to any line in our family is a
sum of several copies of O(1), the family is unobstructed, and moreover, it
remains unobstructed even if we fix a point at a twistor line, so that the
map f is smooth. Its fibers are small polydiscs, thus contractible, and all the
assumptions of Lemma 5.2 are therefore satisfied.
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